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Finite-volume method and Baba-Tabata’s
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Abstract. After having reviewed the notation of the cell-centered finite-volume method
(FVM), we shall summarize results of Saito [8], $L^{\infty}$ analysis of FVM for nonstationary
convection-diffusion equations. We shall mention an equivalent relationship between FVM
and Baba-Tabata’s conservative finite-elements. A historical note conceming Baba-Tabata’s











(\S 1, \S 2) [8]
(\S 2).
Baba-Tabata




$\{\begin{array}{l}u_{t}-\nabla\cdot(\nabla u-bu)=f in \Omega\cross(0, T),\frac{\partial u}{\partial\nu}-(b\cdot\nu)u=0 on \partial\Omega\cross(0, T), u|_{t=0}=u_{0} on \Omega,\end{array}$ (1)
. $\Omega\subset \mathbb{R}^{2}$ : ; $T$ : ;
$\bullet$ $u$ : $\overline{\Omega}\cross[0, T]arrow \mathbb{R}$ ;
$\bullet$ $f:\Omega\cross(O, T)arrow \mathbb{R}$ ; $u_{0}:\Omegaarrow \mathbb{R}$ ; $b:\Omega\cross(O, T)arrow \mathbb{R}^{2}$
:
: $\int_{\Omega}u(x, t)dx=\int_{\Omega}u_{0}(x)dx+\int_{0}^{t}\int_{\Omega}f(x, s)dxds$ ;
: $f,$ $u_{0}\geq 0,$ $u_{0}\not\equiv 0$ $\Rightarrow$ $u(x_{\dot{\ovalbox{\tt\small REJECT}}}t)>0(0<t<T)$ .
(1) ( )
\S
$\Omega$ control volume control volume
$u$ control volume
(admissible mesh)
1( ). $\Omega$ $\mathcal{D}=\{D_{i}\}_{i\in\Lambda}$ (A $=$




(A2) $i\neq j$ $\overline{D_{i}}$ $\overline{D_{j}}$ $\searrow$ $\searrow$ (
$)$ $\sigma_{ij}=\overline{D_{i}}$ $\overline{D_{j}}$
$\sigma_{ij}=\emptyset$
(A3) $D_{i}$ $P_{i}$ $\in$ $\sigma_{ij}\neq\emptyset$ $P_{i}$ $P_{j}$
$\sigma_{ij}$
(A4) $\partial\Lambda=\{i\in\Lambda|\partial\Omega\cap\overline{D_{i}}$ $\}$ $D_{i}(i\in\partial\Lambda)$ control volume
$i\in\partial\Lambda$ $P_{i}\in\partial\Omega\cap\overline{D_{i}}$








control volume $i\not\in\partial\Lambda$ $D_{i}=\tilde{D}_{i}$ $\Omega$
$\mathcal{D}_{h}=\{D_{i}\}_{i\in\Lambda}$




$\nabla\cdot K(x, t)\nabla u$ ($K$ ),
( )
$\mathcal{D}_{h}$
3(Voronoi ). $\overline{\Omega}$ $N$ $\{P_{i}\}_{i\in\Lambda}$
$\Omega_{i}=\{x\in \mathbb{R}^{2}||x-P_{i}|<|x-P_{j}| (\forall j\in\Lambda,j\neq i)\}$
Voronoi (Dirichlet Wigner-Seitz Thiessen
$)$ ( $\Omega_{i}$ ) $\{\Omega_{i}\}_{i\in\Lambda}$ $\{P_{i}\}_{i\in\Lambda}$
Voronoi (Vonoroi diagram)
1. $\{P_{i}\}_{i\in\Lambda}$ $\{\Omega_{i}\}_{i\in\Lambda}$ Voronoi $D_{i}=\Omega_{i}\cap\Omega$
$\mathcal{D}_{h}=\{D_{i}\}_{i\in\Lambda}$ $\{P_{i}\}$ $\partial\Omega$
$\mathcal{D}_{h}$ ( 1). ( [2, Example 9.2])
$\Omega$
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2 ( ) ( ).
4( ). $\Omega$ ( )
( $h$ )




5( ). $F_{h}$ $\Omega$ $P_{i}$
$T$ $T$ (circumcenter) $P_{C}$ $P_{C}\in\overline{T}$
$T$ $\sigma_{1},$ $\sigma_{2}$ ,
$M_{1},$ $M_{2}$ $P_{i},$ $M_{1}$ , $P_{C}$ , $\Lambda I_{2}$ $D_{i,T}$

















$\int_{D_{i}}u_{t}dx-\int_{\partial D_{i}}\nabla u\cdot\nu_{i}dS+\int_{\partial D_{i}}u(b\cdot\nu_{i})dS=\int_{D_{i}}fdx$
$\nu_{i}$
$\partial D_{i}$
$t_{n}=n\Delta t$ $(0\leq n\leq L)$ , $\Delta t=T/L$ , $L\in N$
$\int_{D_{i}}\frac{u^{n}-u^{n-1}}{\Delta t}dx-\int_{\partial D_{i}}\nabla u^{n}\cdot\nu_{i}dS$
$+ \int_{\partial D_{i}}u^{n}(b(t_{n})\cdot\nu_{i})dS=\int_{D_{i}}f(t_{n})dx$ (2)
$u^{n}(x)\approx u(x, t_{n}),$ $b(t_{n})=b(x, t_{n}),$ $f(t_{n})=f(x, t_{n})$
$V_{h}=$ span $\{\varphi_{i}\}_{i\in\Lambda}$ , $\varphi_{i}(x)=\{\begin{array}{l}1 (x\in D_{i})0 (x\in\Omega\backslash D_{i})\end{array}$
$v_{h}\in$ $v_{i}=vh(P_{i})(i\in\Lambda)$
$d_{ij}=|P_{i}-P_{j}|$ , $m_{i}=D_{i}$ $m_{ij}=\sigma_{ij}$ $\tau_{ij}=\frac{m_{ij}}{d_{ij}}$ ,
$\Lambda_{i}=\{j\in\Lambda|\sigma_{ij}\neq\emptyset\}$ , $\nu_{ij}=\sigma_{ij}$ $D_{i}$ $D_{j}$
(2) $u^{n}$ $u^{n}\approx u_{h}^{n}\in V_{h}$







$r_{ij}^{n}=\{\begin{array}{l}1 (\beta_{ij}^{n}\geq 0)0 (\beta_{ij}^{n}<0)\end{array}$
$\int_{D_{i}}f(t_{n})d_{X\approx 7}n_{i}f_{i}^{n}$ , $f_{i}^{n}= \frac{1}{m_{i}}\int_{D_{i}}f(t_{n})dx$ ,
$\int_{D_{i}}\frac{u^{n}-u^{n-1}}{\triangle t}dx\approx m_{i}\frac{u_{i}^{n}-u_{i}^{n-1}}{\triangle t}$
(1)
$\{\begin{array}{ll}\{u_{h}^{n}\}_{n=0}^{L}\subset V_{h}, u_{i}^{0}=u_{0,i}\equiv\frac{1}{m_{i}}\int_{D_{i}}u_{0}(x)dx (i\in\Lambda),m_{i}\frac{u_{i}^{n}-u_{i}^{n-1}}{\triangle t}-\sum_{j\in\Lambda_{i}}\tau_{ij}(u_{j}^{n}-u_{i}^{n}) +\sum_{j\in\Lambda_{i}}[(1-r_{ij}^{n})u_{j}^{n}+r_{ij}^{n}u_{i}^{n}]\beta_{ij}^{n}=m_{i}f_{i}^{n} (i\in\Lambda, 1\leq n\leq L).\end{array}$ (3)
2 Dirichlet
Dirichlet
$\{\begin{array}{l}u_{t}-\nabla\cdot(\nabla u-bu)=f in \Omega\cross(0, T),u=g on \partial\Omega\cross(0, T), u|_{t=0}=u_{0} on \Omega,\end{array}$ (4)
:
$\{\begin{array}{l}\{u_{h}^{n}\}_{n=0}^{L}\subset V_{h}, u_{i}^{0}=u_{0,i} (i\in\Lambda),m_{i}\frac{u_{i}^{n}-u_{i}^{n-1}}{\triangle t}-\sum_{j\in\Lambda_{i}}\tau_{ij}(u_{j}^{n}-u_{i}^{n})+\sum_{j\in\Lambda_{i}}[(1-r_{ij}^{n})u_{j}^{n}+r_{ij}^{n}u_{i}^{n}]\beta_{ij}^{n}=m_{i}f_{i}^{n} (i\in\Lambda^{0},1\leq n\leq L),u_{i}^{n}=g_{i}^{n}\equiv g(P_{i}, t_{n}) (i\in\partial\Lambda).\end{array}$ (5)
$\Lambda^{0}=\Lambda\backslash \partial\Lambda$
Eymard et al. [2]
1 ( $L^{2}$ [2, Theorem 17.1]). $b$ $u\in$
$C^{2}(\overline{\Omega}\cross[0, T])$ $f=u_{t}-\nabla\cdot(\nabla u-bu),$ $u_{0}=u(\cdot, 0),$ $g=u|_{\partial\Omega}$
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(4) (5) $>0$ (5)
$\{u_{h}^{n}\}$
$\max_{1\leq n\leq L}\Vert u_{h}^{n}\Vert_{\infty}\leq C_{1}$
$C_{1}$ $\Omega,$ $T,$ $b,$ $f,$ $g,$ $u_{0}$
$\gamma_{0}>0$ : $\sup_{\sigma_{ij}}\frac{h_{i}}{dist(\sigma_{ij},P_{i})}\leq\gamma_{0}$ (6)
$\Omega,$ $T,$ $u$ $C_{2}$
$\max_{1\leq n\leq L}\Vert u(t_{n})-u_{h}^{n}\Vert_{2}\leq C_{2}(h+\Delta t)$ .
3. [2] Theorem 17. 1 (6)
Saito [8]
2( [8]). $u_{0},$ $f(t_{n})\in L^{1}(\Omega),$ $b(t_{n})\in L^{\infty}(\Omega),$ $g(t_{n})\in H^{3/2}(\partial\Omega)$
$(1\leq n\leq L)$
$\triangle t\leq\frac{1}{2\Vert b\Vert_{\infty}}\min_{\sigma_{ij}}$ dist $(\sigma_{ij}, P_{i})$ (7)
(5) $\{u_{h}^{n}\}$
$\sum_{i\in\Lambda}u_{i}^{n}m_{i}=\int_{\Omega}u_{0}(x)dx+\sum_{n=1}^{L}\int_{\Omega}f(x, t_{n})dx$
$u_{0},$ $f,$ $g\geq 0,$ $u0\not\equiv O$ $u_{h}^{n}>0(1\leq n\leq L)$
3( [8]). 2 $h_{0},$ $k_{0}>0$
$h\in(0, h_{0})$ $\triangle t\in(0, k_{0})$
$0^{\max_{\leq t_{n}\leq T}} \Vert u_{h}^{n}\Vert_{\infty}\leq C\max_{1\leq n\leq L}$ $[IIu_{0,h}\Vert_{\infty}, If_{h}^{n}\Vert_{\infty}, \Vert g_{h}^{n}\Vert_{\infty}]$ .
4($L^{\infty}$ [8]). 2 (4) $u$
$u\in Z\equiv C^{1+1,1}(\overline{Q})\cap C^{2+1,0}(\overline{Q})\cap C^{0,1+1}(\overline{Q})$ , $Q=\Omega\cross(0, T)$
(6), (7)
$\gamma_{1}>0$ : $\sup_{\sigma_{ij}}\frac{d_{ij}}{dist(\sigma_{ij},P_{i})}\leq\gamma_{1}$ (8)
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(5) $\{u_{h}^{n}\}\subset V_{h}$
$\sup_{0\leq t_{n}\leq T}\Vert u(t_{n})-u_{h}^{n}\Vert_{\infty}\leq C(h+\Delta t)\Vert u\Vert_{Z}$
$C$ $\Omega,$ $T,$ $u,$ $u_{0}$
4. (7) (1) $u_{t}$ Euler
$- \triangle u^{n}+b(t_{n})\cdot\nabla u^{n}+[\nabla\cdot b(t_{n})+\frac{1}{\triangle t}]u^{n}=\frac{1}{\Delta t}u^{n-1}+f(t_{n})$ (9)








(1) $\Omega$ $\mathbb{R}^{2}$ $\{\ovalbox{\tt\small REJECT}_{h}\}=$
$\{g_{h}\}_{h>0}$ $\Omega$ ( )
$h= \max\{h_{T}|T\in\sim\}$ $h_{T}$ $T$
$\{P_{1}, P_{2}, \ldots, P_{N}\}$ $F_{h}$ ( ) $\hat{\psi}_{i}\in C(\overline{\Omega})$ $T\in ff_{h}$
$\hat{\psi}_{i}(P_{j})=\delta_{ij}$
$\hat{V}_{h}=$ span $\{\hat{\psi}_{i}\}_{i\in\Lambda}$
( $\Lambda=\{1,$ $\ldots,$ $N\}$ )
5 $P_{C}$ $P_{G}$
(barycentric $domain$) $D_{i}$ (
)




$\{\begin{array}{ll}u\in C^{1} ([0, T]:L^{2}(\Omega))\cap C([0, T]:H^{1}(\Omega)), u|_{t=}0=u0,\int_{\Omega}u_{t}vdx-\int_{\Omega}(?)\int_{\Omega}f_{1)}dx (\forall v\in H^{1}(\Omega))\end{array}$ (10)
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Baba-Tabata ([1]) :
$\{\begin{array}{l}\{\hat{u}_{h}^{n}\}_{n=0}^{L}\subset\hat{V}_{h}, \hat{u}_{h}^{0}=\hat{u}_{0,h}\equiv\sum_{i\in\Lambda}\overline{\psi}_{i}\frac{1}{m_{i}}\int_{D_{i}}u_{0}(x)dx,\int_{\Omega}\frac{\overline{u}_{h}^{n+1}-\overline{u}_{h}^{n}}{\Delta t}\overline{?,}hdx+\int_{\Omega}\nabla\hat{u}_{h}^{n}\cdot\nabla\hat{v}_{h}dx+\sum_{i\in\Lambda}\overline{v}_{h}^{n}(P_{i})\sum_{j\in\Lambda_{1}}\beta_{ij}^{n}[(1-r_{ij}^{n})\hat{u}_{h}^{n}(P_{j})+r_{ij}^{n}\hat{u}_{h}^{n}(P_{i})]=\int_{\Omega}f(t_{n})\hat{v}hdx (\hat{\tau_{h})}\in\hat{V}_{h}, 0\leq n\leq L).\end{array}$ (11)
$\bullet$ $u_{h}^{n}\approx u(x, t_{n})$ , $t_{n}=n\Delta t$ , $\Delta t=T/L$ , $L\in N$ .
$\bullet\sigma_{ij}=$











(cf [3], [4]). $u_{i}=\hat{u}_{h}(P_{i})=\overline{u}_{h}(P_{i})$
(3) Baba-Tabata (11)
$-\triangle u+\nabla\cdot(bu)$ ( $u_{t}$ $f$
) 8
Baba and Tabata [1] :
5( [1, Theorem 1.1]). (i) (11) $\hat{u}_{h}^{n}$ :
$\int_{\Omega}\overline{u}_{h}^{n}dx=\int_{\Omega}\overline{u}_{0,h}dx+\sum_{k=0}^{n-1}\int_{\Omega}f(x, n\Delta t)dx$.
(ii) $ff_{h}$
$\triangle t\leq\frac{\kappa_{h}^{2}}{3+4\kappa h\Vert b\Vert_{\infty}}$ $( \kappa_{h}=\min_{g_{h}}\kappa\tau,$ $\kappa\tau=T$ $)$
$f,$ $u_{0}\geq 0$ $u_{h}^{n}\geq 0(1\leq n\leq L)$
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6( [1, Theorem 1.2]). (1) $u$ $m>1/2$




$\max_{1\leq n\leq L}\Vert\hat{u}_{h}^{n}-u(t_{n})\Vert_{2}\leq Ch\Vert u\Vert_{W}$
6. Baba and Tabata [1] $divb\equiv 0$ $f\equiv 0$ $L^{\infty}$
7. Baba-Tabata (11)
$\bullet$ ( ):Tabata [9], [10].
$\bullet$ Navier-Stokes : Tabata and Kaizu [11].




(3) (11) $\Omega$ $\mathbb{R}^{3}$
3
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( )1, ( ), ( ), ( ),




adaptive mesh refinement ( )
Galerkin
78-84 ( )
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